It is known that if f 2 W k p , then ! m (f; t) p t ! m?1 (f 0 ; t) p . Its inverse with any constants independent of f is not true in general. Hu and Yu proved that the inverse holds true for splines S with equally spaced knots, thus ! m (S; t) p t ! m?1 (S 0 ; t) p t 2 ! m?2 (S 00 ; t) p . In this paper, we extend their results to splines with any given knot sequence, and further to principal shift-invariant spaces and wavelets under certain conditions. Applications are given at the end of the paper.
Introduction
Let A be an interval of any of the forms a; b], R := (?1; 1), (?1; b], or a; 1). Throughout this paper we denote by L p (A) the usual L p (A) space for 1 p < 1, and C(A) for p = 1. Let k t be the kth forward di erence operator de ned by be the usual kth modulus of smoothness of f, with ! 0 (f; t) p understood as kfk Lp The inverse of (1.1) with any constant independent of f is not true in general, (see 8, Theorem 4] for a counterexample). X. M. Yu and S. P. Zhou 17] proved part of the inverse in a special case, namely h! r?1 (S 0 ; h) 1 C r ! r (S; h) 1 ; (1.2) where S is any spline of order r with equally spaced knots, and h is the mesh size. Hu and Yu 9] proved that for such splines S the whole inverse of (1.1) holds true, thus ! m (S; t) p t ! m?1 (S 0 ; t) p t 2 ! m?2 (S 00 ; t) p . In this paper we generalize it to splines with arbitrary ( xed) knots, and further to shift-invariant spaces and wavelets under certain conditions.
We discuss the case of splines in x2, and extend the results further to shift-invariant spaces and wavelets in x3. Applications will be given in the last section.
Splines
Let r > 0 be an integer and let T := x i Int(A) with x i < x i+r be a given non-decreasing knot sequence. T is not allowed to have nite cluster points. ; 0 j < r; (2.5) where J i is the jump of S (r?1) at x i , and the equivalence constants depend on m and the ratio = .
Remark. The equivalence in (2.4) and (2. The proofs turned out to be easy, to our great surprise. But one can no longer measure the moduli by discrete norms j j j j j j p in terms of B-spline coe cients, at least not with our proofs. We need some lemmas for the proofs, the rst of them can be found in DeVore and Lorentz's book 6, Proposition 5. And this is also (trivially) true for the case of x i = x i+1 . Raising both sides of (2.9) to the pth power and adding over i give 
Shift-Invariant Spaces and Wavelets
We now extend our results to shift-invariant spaces (SI) and wavelets. We shall use some notation and properties very common in the literature without explicitly mentioning any references, most of them can be found in, for example, 2, 5, 11, 3, 4, 13] . Although many of the known results we mention here are true for 0 < p 1, we shall concentrate on the case 1 p 1, since our results are only true for p 1. In this section, we prove our main result Theorem 3 only on A = R, but it it should be pointed out that it holds true if we restrict every function involved to any interval. A space S of functions de ned on R is said We make the following assumptions about '. The series converges uniformly on any compact set since for any x 2 R, there are at most 2 nonzero terms in S h (x), and it has been shown in the literature that it converges in the L p topology, too. It is well-known that Strang-Fix conditions imply that any polynomial in P r?1 , the space of all polynomials of degree < r, is contained in S(') locally. Since (3.4) is a special case of (3.2) with h = 2 ?n , we shall concentrate on (3.2) in the rest of the section, and show the inverse of (1.1) holds for functions in that form. Namely we prove which corresponds to (2.9), (we remind the reader that jI j = 1). The rest of the proof is similar to that of Lemma 2.1.
Applications
In this section, we give some possible applications of our results. We rst estimate derivatives of spline and PSI approximants. We point out that although estimates for wavelet compressions on R similar to the following examples may not be very useful due to very small values of h = 2 ?n , nothing can prevents one from using the results in an area where the function f is relatively at hence n relatively small. Example 1. Let r > 3 and 2 k < r. Let 
h p ! 3 (S h ; h) p we conclude S (3) h p Ch ?3 !k(f; h) p ; (4.3) with the constant C depending only on '.
There are examples in 8, Theorem A] and 9] on how (special cases of) our theorems can be use to \transplant" results on degree of approximation by one kind of approximants to that by another kind. With the generalized results in this paper, some restrictions (such as equal spacing for splines) can be removed, of course. Here we give one more example, in which Shvedov's counterexample on convex polynomial approximation in 16] is transplanted to convex spline approximation. Suppose for any n r+3 there is a knot sequence containing n interior knots: T n = fx ni g n+r i=?r+1 (with auxiliary knots, see the beginning of x2,) on 0; 1]. We de ne its mesh size by n := max i fjI ni jg, where I ni := x ni ; x n;i+1 ], and its length of the shortest subinterval by n := min i fjI ni j : x n;i+1 > x ni g. Theorem 4. Let r 3 be an integer, and let T n , n = r+3; r+4; : : : , be any knot sequences such that both (n n ) ?1 and n = n are bounded by an absolute constant M > 0, and that S n r := S r (T n ; 0 which can be shown just like (4.4) except that we have to choose the degree of the polynomial P n in (4.5) so that n max(
; r + 3) in order to apply Theorem 1 and Manya and Shevchuk's result.
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